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Zadáńı úlohy

Dokažte, že pro libovolná x , y , z ∈ R plat́ı

|x |+ |y |+ |z | ≥ |x + y |+ |x + z |+ |y + z | − |x + y + z |.



Trojúhelńıková nerovnost

Věta (△-nerovnost)

Pro libovolná x , y ∈ R plat́ı |x |+ |y | ≥ |x + y |.

D̊ukaz:

xy ≤ |xy | = |x ||y |

2xy ≤ 2|x ||y |
x2 + 2xy + y2 ≤ x2 + 2|x ||y |+ y2 = |x |2 + 2|x ||y |+ |y |2

(x + y)2 ≤ (|x |+ |y |)2√
(x + y)2 ≤

√
(|x |+ |y |)2

|x + y | ≤ ||x |+ |y || = |x |+ |y |, což jsme chtěli. ■

Poznámka

rozš́ı̌reńı △-nerovnosti pro libovolný počet reálných proměnných:
|x1|+ |x2|+ · · ·+ |xn| ≥ |x1 + x2 + . . . xn|.
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Trojúhelńıková nerovnost
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Kudy cesta nevede

|x |+ |y | ≥ |x + y |

|x |+ |z | ≥ |x + z |
|y |+ |z | ≥ |y + z |
součtem nerovnost́ı źıskáme:
2|x |+ 2|y |+ 2|z | ≥ |x + y |+ |x + z |+ |y + z |
působ́ı lákavě od źıskané nerovnosti ”odeč́ıst” nerovnost
|x |+ |y |+ |z | ≥ |x + y + z | a źıskat
|x |+ |y |+ |z | ≥ |x + y |+ |x + z |+ |y + z | − |x + y + z |
postup je to chybný
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Kudy cesta nevede

|x |+ |y | ≥ |x + y |
|x |+ |z | ≥ |x + z |
|y |+ |z | ≥ |y + z |
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Kudy cesta nevede

|x |+ |y | ≥ |x + y |
|x |+ |z | ≥ |x + z |
|y |+ |z | ≥ |y + z |
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Princip inkluze a exkluze

Věta (PIE)

Pro libovolné konečné množiny X1,X2, . . . ,Xn plat́ı:∣∣∣∣∣
n⋃

i=1

Xi

∣∣∣∣∣=
n∑

k=1

(−1)k−1
∑

I∈({1,2,··· ,n}k )

∣∣∣∣∣⋂
i∈I

Xi

∣∣∣∣∣,
kde symbol

(A
j

)
označuje všechny j-prvkové podmnožiny konečné

množiny A.

Poznámka

Pro n = 2, 3 a konečné množiny X1 = X ,X2 = Y ,X3 = Z
dostáváme známé vztahy:

|X ∪ Y | = |X |+ |Y | − |X ∩ Y |,

|X∪Y ∪Z | = |X |+|Y |+|Z |−|X∩Y |−|X∩Z |−|Y ∩Z |+|X∩Y ∩Z |.
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Že by obecná souvislost?

n = 2 :
|X |+ |Y | − |X ∩ Y | = |X ∪ Y | !⇐⇒ |x |+ |y | − |x + y | ≥ 0

n = 3 :
|X |+ |Y |+ |Z | − |X ∩Y | − |X ∩Z | − |Y ∩Z |+ |X ∩Y ∩Z | =
|X ∪ Y ∪ Z | !⇐⇒
|x |+ |y |+ |z | − |x + y | − |x + z | − |y + z |+ |x + y + z | ≥ 0



Že by obecná souvislost?

n = 2 :
|X |+ |Y | − |X ∩ Y | = |X ∪ Y | !⇐⇒ |x |+ |y | − |x + y | ≥ 0

n = 3 :
|X |+ |Y |+ |Z | − |X ∩Y | − |X ∩Z | − |Y ∩Z |+ |X ∩Y ∩Z | =
|X ∪ Y ∪ Z | !⇐⇒
|x |+ |y |+ |z | − |x + y | − |x + z | − |y + z |+ |x + y + z | ≥ 0



Nikoli!

n = 4 :
|X |+ |Y |+ |Z |+ |W | − |X ∩ Y | − |X ∩ Z | − |X ∩W | − |Y ∩
Z |−|Y ∩W |−|Z ∩W |+ |X ∩Y ∩Z |+ |X ∩Y ∩W |+ |X ∩Z ∩
W |+ |Y ∩Z ∩W |− |X ∩Y ∩Z ∩W | = |X ∪Y ∪Z ∪W | ?⇐⇒
|x |+ |y |+ |z |+ |w | − |x + y | − |x + z | − |x + w | − |y + z | −
|y +w | − |z +w |+ |x + y + z |+ |x + y +w |+ |x + z +w |+
|y + z + w | − |x + y + z + w | ≥ 0

stač́ı zvolit x = y = z ̸= 0 ∧ w = −2x :

3|x |+2|x |−2|x |−2|x |−|x |−2|x |−|x |−|x |+3|x |+0+0+0−|x | =

= −2|x | ≤ 0
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W |+ |Y ∩Z ∩W |− |X ∩Y ∩Z ∩W | = |X ∪Y ∪Z ∪W | ?⇐⇒
|x |+ |y |+ |z |+ |w | − |x + y | − |x + z | − |x + w | − |y + z | −
|y +w | − |z +w |+ |x + y + z |+ |x + y +w |+ |x + z +w |+
|y + z + w | − |x + y + z + w | ≥ 0
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Hezká aplikace nerovnosti

Př́ıklad z webu Cut the Knot

Pro libovolná a, b, c ∈ R+ dokažte:√
a2 − ab + b2 +

√
a2 − ac + c2 +

√
b2 − bc + c2 ≤

a+ b + c +
√
a2 + b2 + c2 − ab − ac − bc.

Řešeńı:

Předně... jsou výrazy dob̌re definované?

plat́ı: a2 − ab + b2 = (a− 1
2b)

2 + 3
4b

2

také:
a2 + b2 + c2 − ab − ac − bc = 1

4(2a− b − c)2 + 3
4(b − c)2

Jeden ze ťŕı komplexńıch kǒrenů rovnice z3 = 1 je komplexńı

č́ıslo ω = −1
2 + i

√
3
2 .
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Řešeńı:
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Hezká aplikace nerovnosti
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Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)
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definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)



Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)



Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)



Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)



Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)



Hezká aplikace nerovnosti

plat́ı: |ω| = 1 (absolutńı hodnota komplexńıho č́ısla)

také: ω2 = −1
2 − i

√
3
2 (druhý komplexńı kǒren rovnice z3 = 1)

definuji: x := a, y := bω, z := cω2

plat́ı: |x | = |a| = a (neboť a ∈ R+)

a také |y | = |bω| = |b||ω| = |b| · 1 = b, obdobně |z | = c

plat́ı: |x + y | = |a+ bω| = |a− 1
2b + ib

√
3
2 | =√

(a− 1
2b)

2 + b2 34 =
√
a2 − ab + b2

obdobně: |x + z | =
√
a2 − ac + c2, |y + z | =

√
b2 − bc + c2

a také: |x + y + z | =
√
a2 + b2 + c2 − ab − ac − bc

v́ıme: |x + y |+ |x + z |+ |y + z | ≤ |x |+ |y |+ |z |+ |x + y + z |
(to jsme chtěli!)


